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ALGEBRAS ASSOCIATED TO THE YOUNG-FIBONACCI LATTICE

SOICHI OKADA

ABSTRACT. The algebra #, generated by E;, ..., E,_; subject to the defin-
ing relations E2 = x;E; (i =1,...,n—1), Ej EE; = yiEy (i =
l,...,n=2), E;E; = E;E; (|i—j|>2) isshown to be a semisimple algebra
of dimension n! if the parameters Xy, ..., Xp—1, V1, ..., Yn—2 are generic.
We also prove that the Bratteli diagram of the tower (Fy)n>0 of these algebras
is the Hasse diagram of the Young-Fibonacci lattice, which is an interesting ex-
ample, as well as Young’s lattice, of a differential poset introduced by R. Stanley.
A Young-Fibonacci analogue of the ring of symmetric functions is given and
studied.

INTRODUCTION

In [S1], R. Stanley introduced a class of partially ordered sets called differ-
ential posets, whose prototypical example is Young’s lattice Y. S. Fomin [F1]
independently defined essentially the same class of graphs, called Y-graphs. (See
[F2], [S2] for generalization.) Many enumerative results, concerning the count-
ing of chains or Hasse walks in differential posets or Y-graphs, can be derived
by using an algebraic approach (see [S1]) and also by applying a combinatorial
method such as Robinson-Schensted-type correspondences (see [F1], [F3], [R1],
[R2]). In the case of Young’s lattice, these properties reflect the representation
theory of the symmetric groups and the theory of symmetric functions.

Fomin [F1] and Stanley [S1] also gave another example of a differential poset,
YF, called the Young-Fibonacci lattice. (In [S1] this lattice is denoted by Z(1).)
And Stanley posed a problem [S1, §6, Problem 8] to give a natural and com-
binatorial definition of the tower (#;),>0 of semisimple algebras, which play
the same role to the Young-Fibonacci lattice YF as the group algebras of the
symmetric groups play to Young’s lattice Y. This work is motivated to this
problem and the first aim of this article is to give a presentation of %, , which
corresponds to that of the symmetric group with respect to the adjacent trans-
positions. The second aim is to define and study a YF-analogue of the ring of
symmetric functions.

Let us explain in more detail. Young’s lattice Y is the set of all partitions
ordered by inclusion of Young (or Ferrers) diagrams. It is well known that
the irreducible representations of the symmetric group &, are parametrized by
Y, , the set of partitions of n. If we denote by VG‘" the irreducible &,-module
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550 SOICHI OKADA

corresponding to a partition A, then the restriction of ¥4 to &,_; decomposes
as follows:
A ~ U
Vsn le, = @ VGn—l >
u

where u runs over all partitions whose Young diagrams are obtained from that
of A by deleting one box. Moreover, the direct sum R(&) = @, R(S,) of
the character ring R(S,) of &, has a structure of graded algebra and there
is an algebra isomorphism from R(S) to the ring A of symmetric functions.
Under this isomorphism, the irreducible character x* of V2 corresponds to
the Schur function s; .

The Young-Fibonacci lattice YF is a differential poset consisting of all words
with alphabets {1, 2} . (See Section 1 for the definition of the partial order on
YF.) Let %, be the associative algebra (over a field K, of characteristic 0)
defined by the following presentation:

generators: Ey, ..., E,_,
relations : E? = x;E; (i=1,...,n-1),
EinEEy=yEq (i=1,...,n=-2),
EE; = E;E; (if |i— j| >2).
Suppose that the parameters x;, ..., X,_1, V1, ..., Vn_2 € Ky are generic. In

Section 2, we will construct irreducible representations of this algebra %, and
prove that %, is semisimple of dimension »! and its irreducible representations
are indexed by YF,, the set of elements of YF with rank n. If we denote by
V, the irreducible #,-module corresponding to v € YF, , then the branching
rule for the restriction to the subalgebra %,_; = (E, ..., E,_,) is described
in the same way as in the case of Y:

Volg 2PV,
w

where w runs over all words covered by v in YF. In Section 3, we define
a graded algebra R = @, R, whose homogeneous components R, are the
free Z-modules with basis corresponding to (the isomorphism classes of) the
irreducible representations of .%#,. This algebra can be considered as a YF-
analogue of the ring A of symmetric functions. We introduce various basis
of R, which correspond to Schur functions, complete symmetric functions,
and power sum symmetric functions, and study the transition matrices between
these basis in Sections 4 and 5. A generalization to the r-Young-Fibonacci
lattice will be given in Section 6.

1. YOUNG-FIBONACCI LATTICE

In this section, we collect some notations and properties concerning with the
Young-Fibonacci lattice, which will be used in the rest of this paper. The reader
is referred to [S1] for the general theory of differential posets and [S1, §5], [S3]
for further information of the Young-Fibonacci lattice.

Let r be a positive integer. Let YF() be the set of all finite words (including
the empty word @) with alphabets {1p, ..., 1,_;, 2}. For such a word v =
a...ax € YF) | we define its rank |v| = |ay|+ -+ |ax|, where |1,,| =1. And
we put YFY = {v € YF") : |v| = n}.
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We define a partial order on YF(") by requiring the following conditions:

(1.1) @ is the minimum element,
(1.2) C™(1mv) = {v},
(1.3) C~(2v) = C*(v),

where C~(x) (resp. C*(x)) denotes the set of all elements covered by (resp.
covering) x. The notation x>y will be used to mean that x covers y. From
(1.2) and (1.3), we have

(1.4) Ctv)={1,v .- m=0,...,r-1}U{2w:w e C~(v)}.

This poset YF(") is is shown to be a graded lattice, and its rank generating
function is given by

Z#Y]FS,’)q" =(1-rg—qg») .
n>0

In particular, #YF\ is the nth Fibonacci number F,. We call YF") the
r-Young-Fibonacci lattice.
Let R be the free Z-module with basis {s, : v € YF{}. Put

R(r) = @Rﬁ:)

n>0

and define a scalar product on R by (s, Sy) = 0y for all v, w € YF") ., We
introduce two linear maps U, D : R") — R by putting

Usy =) Sw, Dsy= > su.

woY w<w
In Sections 3 and 6, we will define a structure of graded algebra on R(" .

Proposition 1.1 [S1, §5]. The poset YF") is an r-differential poset. Hence we
have DU — UD = r1d, where 1d denotes the identity map on R(™).

For v € YF{, let QU be the set of all sequences (v(@, ..., v(™) such that
v@® =@, v =y, and v® covers v~ for all i; that is, Q! is the set
of all saturated chains from @ to v. We denote the cardinality of QV by
e(v). From the general theory of differential posets, we have the following
proposition:

Proposition 1.2 [S1, Corollary 3.9]. For the r-Young-Fibonacci lattice YF(") , one

has
Y e@):=r"nl.

vEYFY)

If r = 1, then we omit the superscript (r), so that we write YF = YF(),
YF, = YF, R=R®"  and R, =R '

It is convenient to write v € YF of the form 17121™22 . 1"™21™+  where r
is the number of 2’s appearing in v and m; > 0. The number m, is denoted
by m(v) and it will play a role in Section 5.
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2. ALGEBRA %, AND ITS REPRESENTATIONS

Let Ky be a field of characteristic 0. We work over the base field K =

Ko(x1,...,¥1,...), the rational function field with indeterminates x, ...,
Viseoro o
Definition. Let %, = (X1, ..., Xu—1; V1, ..., Yn_2) be the associative K-
algebra with identity 1 defined by the following presentation:
generators: Ey, ..., E,_;,
(2.1) relations : E2 = x;E; (i=1,...,n—-1),
(2.2) EE;=EE; (fli-jl>2),
(2.3) EinEiEi=yiEiy (i=1,...,n-2).

In this section, we will construct irreducible representations of %, by using
paths in YF (as in [GHJ, Chapter 2], [KM], [W]) and prove that %, is a
semisimple algebra of dimension n!.

First we show that the monomials in E;, ..., E,_; span the algebra %, .
Lemma 2.1. We define a sequence of subsets &, (k=0,1,...,n) as follows:
By =% ={1},

(2.4) 0 =% = {1}

,@,,,:{bEm_]...Ek:be@m_l,k:1,...,m}.

Here we understand that E,,_,...E, =1 if k =m. Then %, spans %,. In
particular, dimg %, < n!.

Proof. Let #,, be the K-subspace spanned by %,, . We prove by induction on

m that %, is stable under the right multiplication by E; (/=1,...,m—1).
We will show that a = bE,,_,... ExE; e &, for be &, _ |, k=1,...,m,
and / =1,...,m—-1. If | < k-2, then we have a = bE/E,,_,...E; by

(2.3). Since bE;, € #,)_, by the induction hypothesis, we have a € &, . If

[ = k — 1, then it is clear that a € %,,. If | = k, then by (2.1), we have
a=xbE,_,...E  €l,.If | >k, then by using (2.2) and (2.3), we have

a=bE,_,...E\E,_E\E,_,...E;
= y,_|bE,,,_1 e E/E[-z e Ek
= y,_le,_z cen EkEm—l cee E[.
It follows from the induction hypothesis that a € &,,. O

In order to describe matrix representations of #,, we associate a(v) €
K to each element v € YF. Let (P);» be the sequence of polynomials

P(xy,...,Xx;;Y1,...,Yi-1) given by the following recurrence:
(2.5) Ph=1, P=xi, P=xP_ -y 1P
Then a(v) is defined as follows:
(2.6) a(ly=Px1, ..o, x5 o0 Yim1),

a(1'2) = Proy(v1, X35 ooy Xip25 X192, V35 -5 Vis1)-

In general, if v is of the form 1/2u (|u| = m), then we put

(2.7) a(12u) = a(1'2)[x; = Xmsj» Vi = Ymejla(u),
where P[z — w] indicates that we substitute w for z in P.
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Lemma 2.2. For v € YF,,, we have

(2.8) Y a(¥) = Xnia(v),

(2.9) a(2v) = Ypy1a(v).

Moreover, we have

(2.10) Z e(v)a(v)=x1...Xp,
veYF,

where e(v) is the number of saturated chains from @ to v in YF.

Proof. The relation (2.9) is clear from the definition (2.7) and a(2) =y;. We
prove (2.8) by induction on |v|. First we consider the case where v = 2w.
Since C*(2w) = {12w}U{2z: z>w} by (1.4), we have

3" o) = a(12)[x) = Xmej» ¥j = Ymejloe(W) + Y ymeza(w),

us2w z>pw
where |w| = m. By using a(12) = x3y; — x;¥2 and the induction hypothesis,
we get

Z a(U) = (Xm3Vm+1 = Xms1Ym+2)(W) + Ymy2Xmi10(W) = Xmy3a(2w).
up2w

If v =1%2w for some k > 0, then

Z a(u) = a(lk+12)[x]' = Xm+js Vi Ym+jla(w)

ub 152w
+ Vmiks20(15712)[X) = Xmaj, ¥j = Ymajle(w),

where |w|= m. Hence it is enough to show
a(1¥12) + yii20(15712) = xi130(1%2).

But this is clear from the definition (2.5) and (2.6). Similarly we can check the
case where v = 1".
The remaining equation (2.10) follows from (2.8). O

It follows from the definition of differential posets (see Proposition 1.1) and
(1.3) that the e(v)’s are uniquely determined by the same recurrence relations
as (2.8) with x; =i and y; = i, and the initial condition e(@) = 1. So we
have a(v)[x; — i, y; — i] = e(v). In particular, a(v) is a nonzero polynomial.

For v € YF,, let V, be the K-vector space with basis Q. Then dimV, =
e(v). Now define an action =,(E;) of each generator E; on the vector space
V, as follows:

2.11)
oy (E)O, ..., 0D o) gl - gy
> a(ZEiz—_)n‘) @O, .., vz D My f (D = 29 (7D)

zoo(i=1)
0 otherwise.
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Lemma 2.3. The endomorphisms n,(E;) satisfy the defining relations (2.1)-(2.3)
of &,. Hence we obtain a representation mn, of % on V.
Proof. The relation (2.2) is clear from the definition.

Let 7= (v, ..., v() e Q’. We will check that 7, (E;)*T = x;m,(E;)T
If v+ £ 29(=1 then both sides are 0. If v(*+D) = 2y(=1) | then

mEPT= Y W g,

—1 v
wovli—1) a(’U(' ))
o(u)
=2 2 T,
l) (i-1)
upv(i—1) woyli= U= )a(’U . )

(w)
Z a(u=0y "™ ny(E)T
wpyli=
= Xiﬂu(Ei)T (by (2.8))
where T, = (v@, ..., v0=D w, oU+D ),

Next we check that 7, (Eiy 1)y (Ei)Ty(Eix1)T = yimty(Eiy1)T . If 002D #
2v( | then both sides are 0. If v(+2) =29 | then

o(Eis)) T (BN (Eie)T = ) 2

o
T
wp (i) a(v ’))

ny(Ei1)7y (E; )Tv(,) w

200-D
= “‘(Z;‘(m)—‘)‘ﬂu(Ewl)nv( i)Tv(i),zl,(:—n

a(2vt—h)
T ) Z v(z 1 (Eix1) Ty, 206-1

a(2uli-1) a(v(i))
N a(v) a(v(i—l))”v(EiH)T
=yiny(Eiz))T (by (2.9))

where T, , = (@, ..., 00Dy, w, oD . o). O

If v covers w, then V,, can be considered as a subspace of V, by identifying
WO, =D w) e QW with (0O, 0D w,v) e QY.

Lemma 2.4. If we restrict the representation m, to the subalgebra ¥,_, gener-
ated by E,, ..., E,_,, then V, decomposes as follows:

Vv l.?;,_,g @ Vw-

w

Proof.. This is clear from the definition (2.11) of the actionof E;, ...  E,_». O

Lemma 2.5. The representations (m,,V,) of %, are irreducible and pairwise
inequivalent.

Proof. We proceed by induction on n. First we show the irreducibility of
(my, V). Let W # {0} be an #,-submodule of V.

If v = 1v’, then Lemma 2.4 implies that V},, = V,, as on %,_;-module.
By the induction hypothesis, it is irreducible over .%,_; . Hence we have W =
Vor = Vlv’ .
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If v = 2v”, then there exists an element x such that x covers v” and
Vi C W, because the irreducible decomposition of ¥, |g , is multiplicity-
free. Now let y # x be an element covering v” and consider two chains
T=wO,. .. ,v3 v x,v)and T'= O, ..., v v y,v)eQV.
Let z, be the minimal central idempotent of #,_; corresponding to 7, . Then
it follows from the definition of =, (E,_;) that

T e W.

(2 (B )T = 22
Hence we have W NV, # {0}. Since V, is an irreducible #,_;-module by the
induction hypothesis, we see that V, C W . Recalling that y is arbitrary, we
have W =V, @@yw,,,y#x V,=Vy.

Next we show that the (m,, V,) are inequivalent. Suppose that V, = V,,
as as %,-module. Then, by Lemma 2.4, we have C~(v) = C~(w). Except
for the case where v = 11 and w = 2, it follows from definition (1.2) and
(1.3) that v = w. In the exceptional case, it follows from n;,(E;) = 0 and
n(E)) =x,1d that V¢ V,. O

Now we are in position to prove the main theorem.

Theorem 2.6. (1) The algebra %, is semisimple.
(2) The set &, of monomials defined by (2.4) is a basis of %, . In particular,
dim%, = n!.
(3) The V, ’s (v € YF,, ) give a complete set of irreducible F,-modules.

Proof. Let rad.%, be the radical of %,. Then, by Lemma 2.5, we have

dim(#,/rad %,) > dim ( D nv(%)) > Y (dimV,)?

vEYF, veYF,

=Y e?=n.

vEYF,

Here we have used Proposition 1.2, On the other hand, Lemma 2.1 implies that
dim %, < n!. Therefore we obtain the desired results. O

For a € %, , we define

(2.12) Tr(a) = (x1...x) 7" ) a(v)try,(n(a)),

vEYF,

where try, denotes the usual trace on the vector space ¥, . Then Tr{™ has the
following properties similar to those of the Markov trace on the Iwahori-Hecke
algebra of the symmetric group (see [W, §3]).

Proposition 2.7. The functional Tr'") defined by (2.12) satisfies the following:
(1) T (1) =1.
(2) Tr(ab) = Tr'"(ba).
(3) If a€ F_y, then T (aE,_,) = yn_, Tr'"(a).
(@) If ae F,_y, then T (a) = T D(a).
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Proof. (1) follows from (2.10). (2) is clear from definition (2.12).
(3) Given T € QV, let pr be the minimal idempotent of .%,_; such that
Err (w=v),

T =
o ={ 67 ),
where Err denotes the matrix unit, i.e., the linear map defined by Err(S) =
ds,rT for S € Q. Since ) cyp,_, 2oreq PT =1, it is enough to show

Tt (aEn_1p7) = yu_1 I (apr).
Since pr is a minimal idempotent, there exists a scalar y(a) € K such that
prapr = y(a)pr . Hence we have

Tr" (apr) = (x1 ... X0)"'7(@)a(v).

On the other hand, if z, is the minimal central idempotent of .#, correspond-
ing to 7, , then we have

a(v
ZyEp_\pr = a—(,u((,,f)z))PTP;,
where T = (v, ..., v®=2 =Dy T = (0O, yr=2 gyl 2y(r=2))

Hence we have

Tr(")(aEn_lpT) = ﬁ)z—)jy(a) Tr(")(p?)

a(v)
a(v(n-2)

= (X1...%n) " Yno1a(v)y(a).

= (X1...Xn) y(@)a(20"72)

Hence we obtain (3).
(4) For a € #,_,, by using (2.8) and Lemma 2.5, we have

Ti(@) = (n.x) ™ S S a) try, (mu(@)

lw|=n—l vow

=(xl~-xn)_1 Z xpa(w) try, (my(a))

|lw|=n—1
=Tr"""aq). D

Remark. The proof of this section is on the same line as [KM] and [W].

Finally we mention the specialization of the parameters xi, ..., Xs—1, V1,

.., Yn—2 . The above argument guarantees the following theorem.

Theorem 2.8. Let &, ..., Ene1s My ..., Nn_2 be elements of the field K. Let
Fo= G, .. 1My ..., In_2) be the algebra over K, generated by
Ey, ..., En_\ with their fundamental relations given by (2.1)-(2.3), where the

x;’s and y;’s are replaced by &;’s and n;’s respectively. If
a)xi =&,y —nl#0

for all words v with |v| < n—1, then Z, is a semisimple algebra of dimension
n!.

Remark. The above argument can be easily generalized to the differential poset
T(N), which is obtained from the partial differential poset Y{y; = 1Iy_, Yi by
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iterating Wagner’s construction. (See [S1, pp. 957-958).) Let 7 (N), be the as-
sociative algebra over the field K(g) with generators T, ..., Ty_1, En, ...,
E,_; and the following defining relations:

(T'l_q)(n.'_q_]):O (i=1,...,N—1),

7}7}+17}=7}+17}7}+1 (i=ls'“’N_2),

LT, =T;T; (li-jl=2),

E} = [lIEN,

EnTy_1Ey = ¢'Ey,

E}=xE; (i=N+1,...,n-1),

EinEEw=yEy (i=N,...,n=-2),

ET;=T;E; (li-j|>2),

E.E; = E;E; (li—j|>2),
where [/1=(¢' —q~")/(q —q~'). Then one can show that the Bratteli diagram
of the tower (F (N)n)n>0 is the Hasse diagram of T'(N). Note that the algebras
J (N), for n < N are the Iwahori-Hecke algebra of the symmetric group &, .
And M. Kosuda and J. Murakami [KM] have shown that, if / > N + 1, then
the algebra 7 (N)y, is isomorphic to the centralizer algebra of the quantum

group U,(gl(/, C)) on the space V®" ® V*, where V is the /-dimensional
vector representation of Uy(gl(/, C)).

3. YF-ANALOGUE OF THE RING OF SYMMETRIC FUNCTIONS

In this section, we give a definition of a graded algebra structure on R =
@,>0 Rn , which becomes a YF-analogue of the ring A of symmetric functions.
Many of the results in the following sections have counterparts in the theory of
symmetric functions. (See [M].)

Let %, n be the subalgebra of Fpn(X1, ... s Xmin—15Y1s - s Ym+n—2) gEN-
erated by Ey, ..., Epn_1,Eny1, ..., Emin—1. Then it follows from Theo-
rem 2.7(2) that

Fnon EFm(X15 oo s X153 V15 ovv s Ym=2)
®<7n(xm+l s s Xmin—15YVm+ls oo ym+n—2)-

So F,.n is a semisimple algebra. If |w| = m + n and |u| = m, then let
Qu/ be the set of all saturated chains from u to w and Viw/u the vec-
tor space with basis Q¥/“. Note that Vwiu = {0} unless w > u. We de-
fine an action m,,,(E;) on (v@, ..., vM) € QW/* by the same formula as
(2.11) with a(z) and a(v(-D) replaced by a(z)[X; = Xm+j, ¥j = Ym+,] and
a(Vl=M[x; = Xm+j, ¥ = Ym+;] respectively. Then this action of generators
affords a representation 7, of F(Xmi1, .- s Xmtn—15 Ym+1s -+ » Ymin—2) ON
Vw/u - (See the proof of Lemma 2.3.)

Proposition 3.1. If |lw|=m+n,
Vo lg, .= @ Vu® Vo

|u|=m

as Fm n-module.
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Now define a product on R by

SuSy = Z CoonSw
WEYFpin

for u € YF,, and v € YF,, where the structure constant c% is defined as fol-
lows. Let ¥V, (resp. V,) be the irreducible Fp (X1, ..., Xm—1; V15 .-+ > Ym—2)-
module (resp. F(Xmats --+ s Xman—13 Ymals -+ » Ym+n—2)-module) correspond-
ing to u € YF,, (resp. v € YF, ). Then ¢, is defined to be the multiplicity of
the irreducible #,,,-module V;, in the induced module F,,,®g4, , (V. ®V,).
By Frobenius reciprocity, we see that ¢l is the multiplicity of the irreducible
&m,n-module V, ® V, in the restriction ¥y, |, . This product makes R an
associative graded algebra.

Proposition 3.2. Suppose that w € YF,,,» and u € YF,, satisfy w > u. Then,
as an % (Xmy1)-module,
~J n®te, ifw=2u,
Vw/u = .
Vi otherwise ,
where d = #C*(u).
Proof. This is clear by considering the action of E;. O

Proposition 3.3.
(1) SuS1 =30y Sw -
(2) S$yS2 =S2p -
(3) S1p = SuS1 — (Ezqv Sz)Sz.

Proof. (1) is clear from Lemma 2.4 and Proposition 3.1. (2) follows from
Propositions 3.1 and 3.2. (3) is a direct consequence of (1) and (2) because of
(1.4). O

The abstract structure of R is given by the following theorem.

Theorem 3.4. Let Z(X , Y) be the noncommutative polynomial ring with grading
given by deg X =1 and degY = 2. Then there exists an algebra isomorphism
¢ :Z{(X,Y)— R such that p(X)=s5, and ¢(Y)=s;.

Proof. There exists an algebra homomorphism ¢ : Z(X, Y) — R such that
¢(X) = s and ¢(Y) = 5. By Proposition 3.3, this homomorphism ¢ is
surjective. On the other hand, the homogeneous components of degree n in
Z(X,Y) and R are both free Z-modules of rank F, ( nth Fibonacci number).
Hence ¢ is an isomorphism. 0O

Proposition 3.5.

(3.1 Su2v = SvSu2.
In particular, for v = 1™21M22_ 21™m1
(31’) Sy = S1ma1 Symr .. L S1mi 2.

Proof. We prove (3.1) by induction on |u|. If ¥ = @, then (3.1) reduces to
Proposition 3.3(2). If u = 2u”, then by Proposition 3.3(2) and the induction
hypothesis,

S2ur2v = Sy 2082 = SySyr282 = SySau2-
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If u = 14, then it follows from Proposition 3.3(3) and the induction hypothesis
that

Stu2v = Sy2981 — ( Z Sx) 8§25, SuS1uw2 = SuSu281 — Sy Z Sy | $2.

xau'2v yau'2
Hence it suffices to show that
(3.2) dose= ) sy
xaw2v yaw?2

We show (3.2) by induction on |w|. ‘The case where w = @ follows from
Proposition 3.3(1). If w = lw’, then

z Sx = Sw'2v» Z SySy = SySw’2.
xalw'2v yalw'2

Here we use the induction hypothesis on |w| to obtain (3.2) for w = lw’. If
w = 2w", then

S o sc=Swrawt D SS2, Y, SuSy =SSt Y SuS:82.
xQuw'' 2v taw'' 2v yQuw'?2 zaw''2
Now from the induction hypothesis on |#| and |w|, we have

Stwr2e = SyStwr2» Y ossm= ) S5
taw''2v zaw''2

This completes the proof of (3.2), hence (3.1). O

This proposition, together with Proposition 3.3, enables us to express s, as
a “determinant” of the matrix having noncommutative entries s;, s, (and 0,

)

There is an involutive automorphism « of the poset YF such that
wwll)=v2, ow@2)=vll, ov2l)=v2l.
Then we can define a linear automorphism @ of R by @(s,) = s¢(,) . However
@ is not an algebra homomorphism: in fact,
O(sy851) = W(sy)s1, @(sy82) = W(sy)s2 (v # 2).
Hence, for v # @, we have @(sySy) = @(Sy)Sw
4. YF-ANALOGUE OF KOSTKA NUMBERS AND
THE LITTLEWOOD-RICHARDSON RULE
Definition. For w = b, ... b, € YF, , we define
hy = Spy -+ - Sb,-
Note that the order of product in A, is reversed to that of w. For v, w =
by...b € YF,, let #,, be the set of sequences (v(@, ..., v(®) from v® = &
to v) = v satisfying
(1) If b; =1, then v/~ covers v(!~9 .
(2) If b; =2, then vU=i+1) = 2yU=1)
We put K, = #%,, and call this a YF-Kostka number.

By definition, we have K, ;» = e(v) if |v| = n. Then the following propo-
sition is an immediate consequence of Proposition 3.3.
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Proposition 4.1. For w € YF,, one has
b= KyuSu.

vEYF,

This corresponds to the Young’s rule for the representation of the symmetric
groups (see [JK, 2.8.5]).

Now we introduce a partial order > (called dominance order) on each graded
component YF, of the Young-Fibonacci lattice. For v =a;...a;, w =b,... b,
€ YF,, we define v >w if ay+---+a; >b;y+---+b; forall i=1,2,...,
min(k, /).

Theorem 4.2. The following are equivalent for v, w € YF,:
(1) v>-w.

(2) Kyw #0.
(3) Ky < Ky forall ueYF,.

Proof. (1) = (3) It is enough to consider the case where either
(@) v=ay...a;2la;;3...a,, w=ay...a;12a;,3...a;, or
b) v=ay...aq;2, w=ay...a;11.
In case (a), by Proposition 3.3(3),
hy — hy = Sq, ... Sa;,,(5251 — $152)Sg, - . - Sq,
= Sak .o .Sai+3S12Sa'- .. .SaI.
Hence K,, — K,, is nonnegative because it is the multiplicity of V* in the
Z,-module induced from V& @ ... @ Vs @ V2@ V4. ...@ V4, Case (b) is
similarly proved by using 512 — 85 =581 .-
(3) = (2) If we take u =v in (3), we have Ky, > Kyy = 1.
(2) = (1) We proceed by induction on n. Let v = a;...a; and w =
by...b;. And fix a sequence (v(@, ..., vV)e %, .
If ag =b =1, then (v, ... v¢D)eZ ,,where v/ =a,...q; and
"= b,...by . By the induction hypothesis, we have a;+---+a; > by +---+ b;
for all i, Hence we have v = w. If by = 2, then v = v() = 201 | 50 that
a; = 2. Then we can conclude v > w in a similar way.
Suppose that a; = 2 and b; = 1. Since vU~Y is covered by v, we have
either
(@) v =2°a,,y...q;, vV~ =2""ay,...q, 0r
() vV =2"11g,,...q/, v~V =20"1g,,,...q.
Let v(!~Y) = ¢,...c,. In case (a), by the induction hypothesis, we have ¢; +
o4 ci2by+---+ by . Since aj > ¢; for all j, we have
aj+--+ai >+ +ci b+ +bi+ by
>by+--+bi+1=b+---+b.
In case (b), by the induction hypothesis, we have ¢; +---+¢; > by + -+ biy1 .
If i < p—1, then the proof is similar to that of case (a). If i > p, then we see
that

ay+-+ai=c+-F g+ttt cin
>by+--+bi+1=b+---+b. O

There are recurrence formulas for the YF-Kostka numbers K., .
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Proposition 4.3.
(1) Klv,lw = Kv,w .
(2) Kiv,2w=0.
(3) K2v,1w = Zw,v Ku,w .

Proof. Easily follows from the definition. 0O

All matrices considered in the following have rows and columns indexed by
YF, in dominance order. We put K, = (Ky,w)v,weyr, - For example,

221 212 2111 122 1211 1121 1112 11111
221 ( 1 1 2 1
212 1 1 1
2111 1 0
122 1
1211
1121
1112

11111 \ )

Let D, = (Dyy)uevr,_,,veyr, be the matrix describing the covering relation
between YF, and YF,_;, so that

D _{ 1 ifuqv,

“ 7 10 otherwise.

By definition (1.2) and (1.3), D, is of the form
(4.1) Dyy1=(Dn If,),

where I, is the k x k identity matrix. Then we can rewrite Proposition 4.3 in
matrix form:

K,y D,K
(42) Knr= (S5 Pefr).

Remark. Recently T. Halverson and A. Ram [HR] show that the matrix K,
appears as the character table of .%,. Namely, if we define an element e, € %,
by e =e¢; =1 and

)

e el ]
Pt ket (D
—— e N = QO B

—_— N W W s oo

xl E,,_lewu if w =2w”,
n—1

ey ifw= 1w,
Cy =

then we have try, (n,(ey)) = Kyw.

Definition. Let u, v, w be three elements of YF satisfying |u| + |v| = |w|,
and write v = ay...a, = 1"™2...21"+ . Then we define .%,,, , to be the set
of all sequences (w©@, ..., w®) from u=w® to w=wk satisfying

(1) If g; =1, then w*=*1) covers w1,

(2) If a; =2, then wk—i+1) = 2qpk=1)

(3) The triple (wU=Y, wl) wl+Y) is not of the form (wV-Y 1wl-D,

2wU=Y) forany j=1,...,my—1.
(4) If ;=1 and i <k —m,;; — 1, then wk-i+D) = Jok=0)
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Theorem 4.4.

oy = #L 1 v-
Proof. 1t follows from (3.1°) that

— § : X
SuSy = Cu, 1M1 S1m12, 1mr 2+
x

And, by definition, we have

8L ={

Hence it suffices to show the claim in the case where v = 1" . Now we proceed
by induction on m. If m =0 or 1, then it is easy to see that

#Lpy men 1w =1mM2. 1™2x,
0 otherwise.

CLH,Q = #-Zu/u,z = 5u,w,
1 ifwou,
C;U’l - #%/u,l = {

0 otherwise.
If m > 1, then we have, from Proposition 3.3,

SuStme1 = Su(S1mS1 — Sym-12)

y z

= Z (Z Cﬁ,l’") Sw — Zc;’1m~1s2z'
w z

yw
Hence we have
! .
w Y im ifw=1lw’,
C = ’
u, lm+l " .
o G ym = €Y ey i w =200

On the other hand, #,,1/,, 1=+ consists of the sequences (w©@, ..., w(™, 1w’)
such that (w©@, ..., w™) € &, 1» and F,u/, 1mn consists of the se-
quences (w@, ..., w™  2w") suchthat (w®, ..., w™)e %, » forsome
y>w” and that (w™-1 w  2w"”) is not of the form (w”, lw”, 2w").
Therefore we obtain the same recurrence:

#%’/u,l’" ifw= l’LU,,
#-Zu/u‘ |m+1 = 3 o(/ f _ 2 "
Zybw” # y/u,]m - w“/u,l'"" 11w =2w".

So we have ¢l =#%,/,,. O

5. YF-ANALOGUE OF POWER SUM SYMMETRIC FUNCTIONS
Definition. For v = 1™21™2 ., 1™21™+  we define

Dy = Doy D21 oo - D21m2 P1m

where
Dk = S{‘ sy Dk = S{((Sf - (k +2)s2).

We remark that
(5.1) Piv =DuD1> D = Du(st — (m(v) +2)s),
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where m(v) is the number of 1’s at the head of v. Let T = (Ty,) be the
transition matrix from p to A:

Dy = z vahw-
w

Then T is the diagonal sum of matrices 7, = (Tyw)v,weyr, - We use (5.1) to
obtain the following recurrences for T, .

Proposition 5.1.
(1) Tlv,1w=va-
(2) Tiv,20=0.
(3) T2'v, Rw = 0.
(4) T2v,llw =Ty .-
(5) T2v,2w = _(m(w) + 2)Tv,w .

Hence, if T,, # 0, then w is a refinement of v, i.e., w is obtained by
replacing some 2°’sin v by 11. In particular, 7, is a triangular matrix with
respect to the dominance order.

Let Vi = (Viv)ueyr,_,,veyr, be the F,_; x F, matrix defined by

v { 1 ifv=1u,
“ 710 otherwise.
That is, ¥V, is of the form

(5.2) Va=(0 Ig_,).
And let M, be the diagonal matrix whose (v, v)-entry is m(v). Then we have
(0 0
(5‘3) Mn+l = (0 Mn +I) .
Also we can rewrite Proposition 5.1 in matrix form:
(5.4) -Tn+l — _(Mn—l + 2I)Tn—1 Tn—lV;z—l .
0 T,
Let X = (xY)w,veyr be the transition matrix from p to s:
Pw=)_ XuSu.
v

Then X is the diagonal sum of matrices X, = (X3 )w,veyr, and X, is given
by

(5.5) X, = T,'K,.
Proposition 5.2.

_ _Xn—l Xn—an
(56) Xn+l = (XntDn X, ) ’
(5-7) Xn—an = n—an s

(5.8) XntDn = tVn_l(Mn_l + X
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Proof. First we note that

(59) Vn—ltKn = n—an,
(5.10) Vaci(Mp_y + D)V = M,

These are clear from (4.2) and (5.2)-(5.4).
We will prove by induction on n. From (4.2) and (5.4), we have

X - —(Mp_y + 21)Tn—ItKn—1 + Tno i Vai'K'Dy T,y Vaci'’Kn
n+1 T;II(n!l)n 7110(h .

Using (5.9) and the induction hypothesis ((5.7) and (5.8)), we see
Tn—l Vn—ltKntDn = Xn—antDn = Vn—ItVn—l(Mn—l + I)Xn—l s
T, I/;x—l'I<n = Xn-1Dn.
Hence we obtain (5.6). The relations (5.7) and (5.8) can be shown by matrix
computation. 0O
For example,
221 212 2111 122 1211 1121 1112 11111

221 1 -1 -1 0 0 -1 1 1
212 0 1 -1 -1 1 0 -1 1

2111 | =2 -1 -1 3 3 2 1 1

xo o 122 0 0 0 1 -1 0 -1 1
57T 1211 0 0 0o -1 -1 2 1 1
1121 | -1 1 1 0 0 —1 1 1

1112 0 -2 2 -1 1 0 -1 1
1111\ 8 4 4 3 3 2 1 1

We can rewrite (5.6) into the recurrence relations:
2
X =2, X =dxb, A =3_x5. xib=xu.
uqu Zbv
By using the induction and these recurrence relations, we see that, for v, w €
YF,,
Xo =1, xin=e(v),

{ 1 if v ends with 1,

—1 if v ends with 2,

X = (),

1"722
. =

where e(v) = x)" 2. Here w is a poset automorphism of YF defined at the
end of Section 3. From the last equation we have @(p,) = &(v)py.
For v = 1mM21™2 . 21"+ ¢ YF, we define
z(v) = m(my + 2)my! ... (M + 2)my 4

Then |v|!/z(v) € Z and 3 cyg, n!/z(v) = n!. Let Z, be the diagonal matrix
whose (v, v)-entry is z(v). Then we have

Z _ (Mn—l + 2'I)Zn—l 0
e 0 My +1Z, )"
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Proposition 5.3.
X, X, = Z,.
Therefore we have
(pv s pw) = (sva(U).
Proof. Induction on n. By (5.6), we have

XX — Xn—ltXn—l + Xn—anantXn—l 0
LSl = 0 Xn'Xn + Xn'DnDp'Xy )
Here we use (5.7), (5.8), and (5.10) to obtain
M, +2DZ,_ 0
Xn+ltXn+l = (( =t 0 ) -l (M,,+I)Z,,) =Zn+1- O

Rewriting (5.7) and (5.8) in terms of p, , we obtain the following proposition.

Proposition 5.4.
Upy = p1v, Dpiy=m(lv)p,, Dpy =0.

In particular, for any v € YF,, p, is an eigenvector for UD|g, : R, — R,
belonging to the eigenvalue m(v). The p,’'s give a complete set of orthogonal
eigenvectors for UD|g, .

In the case of Young’s lattice or the ring of symmetric functions, the tran-
sition matrix M(p, h) (resp. M(h, s)) from the power sum symmetric func-
tions to the complete symmetric functions (resp. from the complete symmetric
functions to the Schur functions) is a triangular matrix under a suitable order-
ing (dominance order) of rows and columns. And the character table of the
symmetric groups is given by M(p, s), the transition matrix from power sum
symmetric functions to the Schur functions. Then Proposition 5.3 corresponds
to the orthogonality relations for characters. Proposition 5.4 is a YF-analogue
of [S1, Proposition 4.7].

As is shown in [O], each homogeneous component R, admits a structure of
associative commutative algebra satisfying the following properties:

(1) If we denote by * the productin Ry, then s,*Sy = 3_,, cyp, &uySw With
nonnegative integers g .
(2) s is the identity element of R, .
(3) R,®zQ is a semisimple algebra with minimal idempotents %pv (ve
YF,).
This algebra structure on R, gives an example of fusion algebra at algebraic

level. The notion of fusion algebra is a generalization of the character ring of a
finite group. (See [B] for fusion algebras at algebraic level.)

6. ALGEBRAS ASSOCIATED TO YF()

Finally we consider the r-Young-Fibonacci lattice YF(") . Let K, be a field of
characteristic 0 such that K contains a primitive rth root { of unity. We will
work with the base field K = Ko(x; x, yi:i=1,2,...,k=0,1,...,r—1).
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Let %, be the K -algebra defined by the following presentation:
generators: Ey, ..., E,_1,t1,..., tn,
relations : E;t¥E; = x; E; (i=1,...,n-1,k=0,...,r=1),

EEj=EE; (if|i-j|>2),
EinEEiy=yiEiy (i=1,...,n-2),
Eitiyy=tinEi=E (i=1,...,n=-2),
Eiti=tE (j#i,i+1),
ti=1 (i=1,...,n),
tit; = tjt; (i,j=1,...,n).

We will construct irreducible representations of .7 ") on the K-vector space
V") with basis Q¥ (v € YF{). Define endomorphisms 7\’(E;) and 7\(t;)
on V(') by putting, for a basis element 7 = (v@, ..., v(") e QV,

ENWO, ..., oD g D) gy
> M—(v(o), R VLGt R I VL B V1))

wovli—1 @
if p(+D = 29li=1)

0 otherwise,

2 () O, L., D O ™)
3 { Ck@O o ul @ M)y i ) = D))

(O ., 0D @ ymy otherwise.

Here the coefficients a ’)( v) (v € YF")) are defined as follows: First we intro-
duce a family of polynomials Pk" ok by the following recurrence:

Ph=1, Plk=al,k, Pkl, k/_al k1P k2, .. ,1_5k“0y1Plk_3i...,k,’
where «; j = L S°770 ¢%x; 4 . Then a")(v) is defined by

a(r)(lkl s ly) = Pk‘ s Ky

" ki ki 0 [ X1,k = OkoV1>  Xik = Xig1,k (82 2)
(L - 1 2) = Pl Y1 — X1,0)2, Yi— Vi1 (2 2)

In general, for u € YF,,,
D1k, . 1 2u) = o (Vg o L)Xk = Xomi ks Vi — Ymeilo(t).
Then we can check that 7 (E,) sand 7\ (t )’s satlsfy the fundamental rela-
tions of %" . Hence we obtain a representation 7\’ of %" on V" .
Theorem 6.1. (1) The algebra %" is semisimple and of dimension r"n!.
(2) The V7 ’s (v e YF ) give a complete set of irreducible F,"-modules.

In the same way as in Section 3, we can define a product on R") = @, R,

where R is the free Z-module with basis {s, : v € Y]Fﬁ,’)} , and make R(") an
associative graded algebra.
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Proposition 6.2.

(1) SyS1y = S1gv + quv S -
(2) SUslk = Slkv l:f k # 0'
(3) su$2 =59y .

Theorem 6.3. Let Z(Xy, ..., X,—1, Y) be the noncommutative polynomial ring
with grading given by deg X; = 1 and degY = 2. Then there exists an algebra
isomorphism ¢ : Z(Xo, ..., X,—1, Y) = RO such that ¢(Xy) = s1, (k =
0,1,...,r=1)and p(Y)=s,.

Put RY = R ®; C and extend the scalar product ( , ) on R® to

the Hermitian form ( , ) on Rg). A correspondent to the power sum
symmetric functions is defined as follows:

r—1
po=1, p, =) ks,
j=0

Puw =Dub1,, P =Du(p} — r(m°(v) +2)s;),

where mO%(v) is the number of 1y’s at the head of v. And we define z(")(v)
(v € YF) by the following recurrence:

zZN(@) =1,
(1) = { 1, 1+ DW=
rz"(v) ifk#0,
z02v) = r*(m°(v) + 2)zV (v).
Then we have
Proposition 6.4. For v, w € YF") | we have
(Do > Pw) = Bz (v).
Moreover we have
Upy =Py, Dpiw = Sorm®(1ov)py, Dpyy =0.
In particular, for any v € YFY), p, is an eigenvector for UD| RO RD

RV belonging to the eigenvalue m°(v). And the p,’s give a complete set of
orthogonal eigenvectors for UD| ) .
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